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Abstract 

This paper reports on an investigation of the 

role and effect of azimuth and elevation measuring 

capability of a single ground-based r ada r  on the r ada r ’ s  

ability to es t imate  the trajectory of a vehicle in a 

nominally 100 n. m. circillar orbit aboilt a nan- rotating 

spherical  earth.  The radars  measuring range, azimuth, 

elevation, and range- rate a r e  considered. 

This investigation is  par t  of a broader  study of 

t ra jectory estimation e r r o r s  . 
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Int r odu c ti on 

Tracking radars  capable of measuring range, range- ra te ,  azimuth, 

and elevation of a space vehicle have been recommended for  the Apollo 

ground network. 

to estimate the t ra jectory of an earth-orbital  vehicle entails analysis of 

the separate and combined effects of a number of variables on the t ra jectory 

estimating capability. 

measurement e r r o r s  as the pr ime variable. 

A study of the capability of such a network of radar  s i tes  

The present paper is  confined to the effects of angular 

. 

The Model 

The idealized model used in the present analysis embodies the follow- 

ing assumptions: 

a. The vehicle is in a thrust-free,  drag-free Keplerian orbit in a 

perfectly known central  force field. 
8 3 2 

2 .  259 x 10 n,m.  /min. ). 

(Gravitational coefficient = 

b. 

c.  The ear th  is non-rotating 

d. 

The ear th  is spherical (Radius = 3440 n. m. ).  
4, -4- 

Line-of-sight tracking takes place at all t imes when the vehicle 
0 

i s  a t  an elevation of not l e s s  than 8 

f ree  of atmospheric effects. 

than 8 O .  

relative to the radar  s i te ,  and it is  

No tracking takes place at  elevation of l e s s  

e.  The radar  s i te  i s  located at  sea level. 

f .  Radar measurement e r r o r s  in each of the four components 

measured (is e.  range, azimuth, elevation, range- ra te )  a r e  normally 

distributed random variables about a zero  mean, and independent fo r  each 

measurement in each component. 

4, ‘8. 

This as sumption makes the analysis independent of the relationship 
of the orbital plane and the si te location to the ear th’s  equator. 
Evaluation of its effect on the results in  representative situations 
has  shown this effect to be small  (not more  than a few percent of 
the magnitudes of the e r r o r s  of estimation). 
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g. Radar measurement  e r r o r s  have known constant variances,  

independent of the magnitude of the quantity measures .  
>k 

h. Location and orientation of the radar  si te is known perfectly . 
Situations Considered: The Geometry 

The present  analysis considers only nominal t ra jec tor ies  that a r e  

c i rcu lar  and 100 n .m.  above the ear th 's  surface.  

the geometry of the situations studies. 

Figures  1 and 2 i l lustrate 

F igure  1 is  a sketch of a vertical  section passing through the r ada r  

s i te  location. 

limit on elevation. 

LLE = 8 line represents  the region where no tracking can take place. 

disturbed tracking takes  place in the unshaded region above LLE = 8 , 

Horizontal distances a r e  generally expressed in t e r m s  of "earth 

In this f igure H stands fo r  "horizon, I t  and LLE means "lower 

Hence, the shaded portion which is  bounded by the 
0 

Un- 
0 

central  angle, It  (ECA). 

retically must  pass  the radar  site within a maximum distance of 7. 78 

(467 n. m. measured along the surface) in order  to  be "visible" to the radar .  

Computations a r e  ca r r i ed  out for nominal orbits passing the r ada r  si te at 

0 ECA, 4 ECA, and 7 ECA, respectively, as indicated in Figure 1. 

It i s  seen that at 100 n.m.  altitude a vehicle theo- 
0 

ECA 

0 0 0 

Figure  2 is  a horizontal projection of the coverage a r e a  and the three 
** 

nominal t ra jector ies ,  with the total tracking t imes  indicated . The vehicle 

moves at a nominal orbital  speed of 252. 61 n. m. /min.,  which is  equivalent 

to 4.091' ECA/min. 

* 
It is exceptionally important t o  bear  this par t icular  factor in mind 
whenever an attempt is  made to apply the resul ts  of this work to  
specific pract ical  situations, where sizable bias e r r o r s  may be 
present.  

Tracking t imes  rounded off to the neares t  quarter  minute a r e  used, 
f o r  reasons of pract ical  nature regarding the computer program used. 
F o r  our model, the t rue  tracking t imes  (computed using plane trigo- 
nometry in a horizontal plane) would be: 

Proximity of Pass Tracked Segment of Path Tracking Time 

Oo ECA 15.57O ECA 3 . 8 1  min. 
4O ECA 13.38'  ECA 3. 27 min. 
7 O  ECA 6.82O ECA 1. 67 min. 

4 * 

0 
1 ECA = 60 n .m.  surface measure.  
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The trajectory estimation e r r o r s  in all cases  a r e  computed for  that 

epach in the nominal t ra jectory which l ies  just  beyond termination of 

tracking. These epochs a r e  indicated by m a r k e r s  in Figure 2. 

The following table l i s t s  the tracking t imes  and epochs of estimation 

(measured from commencement of tracking), used in  the present  study: 

Proximity of P a s s  Tracking Time Epoch of Estimation 

O o  ECA 3- 3/4  min. 3-7/8 min. 
4O ECA 3-1 /4  min. 3- 3 /8 min. 
7O ECA 1 - 3/4  min. 1-7/8 min. 

In those situations where a pr ior i  t ra jectory information f rom another 

source (in addition to the tracking data f rom the radar  s i te  under consid- 

eration) is introduced into the computation of the t ra jectory estimate,  this 

a pr ior i  information i s  given in t e r m s  of that epoch of the nominal t ra jec-  

tory 1 /8  min. following commencement of tracking. 

a lso indicated by marke r s  in Figure 2. 

These epochs a r e  

t 

Situations Considered: The Radar 

The basic r ada r  considered in the computations has  expected meas-  
rl, -,* 

urement e r r o r s  in  range and range-rate : 

(T = 10 f t .  R 
cR = . 5 f t .  / s ec . ,  

and i s  capable of making statistically independent measurements  of range, 

range-rate,  azimuth, and elevation at the rate  of 10 measurements  pe r  

second. 

at any one epoch a r e  a lso independent of one another. ) 

(The measurement e r r o r s  in each of the 4 components measured 

J, -4- 

All e r r o r s  ( e r r o r s  of estimation as well as e r r o r s  of measurement)  
in  this study a r e  specified as the standard deviation of a normally 
distributed random variable with a zero  mean. 
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The standard deviation of the measurement e r r o r s  in elevation is of 

the same  magnitude as that in azimuth. This quantity, cr is the pr ime 

input variable in the present  analysis. 

range- ra te  e r r o r s ,  cr 

in s teps  of one-half o rde r  of magnitude . 

A’ 
F o r  the basic values of range and 

is varied over the range of . 0 0 5  to  5 mill iradians 
.L -r 

A 

Through a simple scaling procedure, it is possible to scale  the com- 

puted estimation e r r o r s  fo r  the above family of r ada r  character is t ics  to 

any number of related families,  differing f rom the basic one by a common 

factor in all the e r r o r  t e rms .  

estimation e r r o r  t e r m s  for  the above family of r a d a r s  by 10, yields us the 

corresponding estimation e r r o r  te rms  for  the following related family of 

r a d a r s  : 

F o r  example, multiplication of the computed 

cr = 100 ft .  

cr = 5 f t .  / sec .  

0 = .05  to  50 mill iradians.  

R 

R 

A 

Or,  through multiplication of all e r r o r  t e r m s  by 1 / l o ,  we obtain the com- 

puted estimation e r r o r s  for :  

cr = 1 f t .  

cr. = . 0 5  f t .  / sec .  

cr = . 0005  to  . 5 mill iradians.  

R 
R 

A 

The justification for the above procedure l ies  in the fact that when 

deviations f r o m  the nominal orbit  area small campared-to the orbital  

velocity and r ad ius ,  the equations of motion may be reduced, for  the pur- 

pose of computing par t ia l  derivations, t o  a set  of l inear  e-quatiorrs. 

means that the relationship between the measurement  and estimation e r r o r s  

is effectively a l inear  one for small  deviations. 

valid for  estimation e r r o r s  as large as 30,000 f t .  in  position and 200 f t .  / sec .  

in velocity. 

is  based on this l inearity principle. 

This 

This has  been found to be 

The design of the computer program used in the computations 

># 
I . e . ,  cr = . 005 ,  .016, .05, .16, etc. 

A 
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There exists a lso an equally simple procedure to scale these compu- 

tations to radars  whose sampling rate  d i f fe rs  f r o m  the 10 measurements  

pe r  second rate chosen f o r  the basic radar .  This is due to  the fact  that, 

for sufficiently high sampling ra tes ,  the quantities measured by the radar  

do not change appreciably during the interval between successive sampling 

epochs and can be ttsmoothedt' over  a number of sampling intervals,  

the r ada r ' s  expected measurement e r r o r s  in all components in direct  pro- 

portion to the square root of the sampling ra te  leaves the t ra jectory estima- 

tion e r r o r s  unchanged ' 

radar  with measurement e r r o r s  as given in Column A below, at 10 meas-  

urements pe r  second, a r e  equally valid fo r  a radar  having the character is t ics  

Varying 

J, e,. :k :;< 
. Thus the estimation e r r o r  computations for a 

:;c :;< :$ 
given in Column B, operating at 1 measurement per  second . 

A - 10 meas.  /sec.  

(T = 100 f t .  
R 

(T = 5 ft. /.'set. 
(T = . 05  to 50 mill irad.  
R 

A 

(T = 10 ft. 
R 

(T = . 5 ft. /sec.  
R 

(T = . 005 to 5 mill irad.  
A 

(T = 1 ft. 

(T = . 0 5  f t .  / sec .  

(T = .0005 to . 5 mill irad.  

R 

R 

A 

B - 1 meas.  / sec .  

(T = 30 ft. R 
(T 

(T = ,016  to 16 mill irad.  

= 1. 6 ft. / sec .  
R 

A 

(T = 3 f t .  
R 

(T = . 16 f t .  /sec.  
R 

(T = . 0016 to 1. 6 mill irad.  
A 

(T = , 3 f t .  R 
(T = . 0 1 6  f t .  / sec .  

(T = . 00016 to . 16 mill irad.  
R 
A 

re. *,- 
The variance of an estimate i s  inversely proportional to the 
number of measurements taken. 

By virtue of both of the above considerations, i f  the sampling 
rate  i s  varied but the measurement e r r o r s  remain statistically 
constant, the standard deviations of the estimate will vary in- 
versely as the square root of the sampling rate  (provided, of 
course,  that the estimate is based entirely on the tracking data 
f rom the radar  si te,  and no "outsideI1 sources of information a r e  
utilized), 

One should not be oblivious to the fact  that several  of the ranges of 
values shown in this table reach considerably out of the rea lm of the 
practically meaningful, and a r e  of entirely academic interest .  

.L 4. -,. *'. 

:: :;c :: 
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Situations Considered: A P r i o r i  Information 
.I, -P 

In addition to l'purel' single- radar situations , a s  described above, 

some situations with ''a priori" information a r e  a lso considered; that is ,  

situations a r e  studied where the trajectory of the vehicle with a specified 

amount of uncertainty, or  e r r o r ,  i s  known independently of the radar  

measurements .  . 
In the work covered by this paper, a res t r ic ted type of a pr ior i  infor- 

mation has  been considered. 

equally well in  all directions of position and velocity a t  the "epoch of ref- 

erence fo r  a pr ior i  estimate" ( see  Fig. 2 )  which i s  the commencement of 

tracking. The rat io  of position uncertainty to velocity uncertainty i s  1 /10 

minute o r  6 seconds in all cases.  

It assumes that the t ra jectory is known 

The graphical expositions in this paper contain data on a pr ior i  uni 

certainties of the following magnitudes: 

a. 250 f t .  and 40 f t / s ec  in  all directions, 

b. 25 f t .  and 4 f t / s ec  in all directions. 

The General Nature of Estimation E r r o r s  

F o r  the idealized model of analysis a s  described ear l ie r ,  the expected 

e r r o r  of estimation of a trajectory,  is completely described by a symmetr ical  

6x6 covariance matrix,  a t  any specified time, in the six-dimensional space 

of position and velocity deviations. The same information can, in general, 

be equally well represented by either the 6x6 covariance mat r ix  o r  by i t s  

inverse matrix,  called the "information matrix. The information matrix,  

although in many respects the m o r e  basic concept of the two, lacks the 

"meaningfulness, 

*:: 

in a human sense, that the covariance matr ix  possesses .  

:;< 
See subsequent sections entitled, "Measurements to Est imates"  and 
"Results: Discussion, fo r  qualifying r emarks  regarding the neces- 
si ty of some a pr ior i  knowledge also in these so-called "pure1' single- 
radar  situations. 

There a r e  situations where no 6x6 covariance matr ix  exists,  even 
though the 6x6 information does exist. 
mation matr ix  i s  singular. The singular information matrix does, 
nevertheless, contain valid information about the t ra jectory estima- 
tion uncertainties. 

:: $< 

This occurs when the infor- 
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The covariance mat r ix  describes the size, shape, and orientation of 

the six- dimensional e r r o r  ellipsoid in the six- dimensional space of position 

and velocity deviations. 

submatr ices  of the total covariance matr ix  descr ibe the three-  dimensional 

position and the velocity e r r o r  ellipsoids, respectively. 

The upper left-hand and the lower right-hand 3x3 

Fur thermore ,  each of the six diagonal t e r m s  of the covariance 

ma t r ix  is the variance (standard deviation squared) along the corresponding 

axis in the chosen coordinate system, The off-diagonal (covariance) t e r m s  

indicate the amount of correlation between the e r r o r s  in any two components. 

Whereas the t e r m s  of the covariance and information ma t r i ces  a r e  a 

function of the coordinate system and the orientation of the axes,  there  a r e  

cer ta in  quantities character is t ic  of each mat r ix  which a r e  independent of 

the coordinate sys tem and orientation . These a r e :  
::: 

** :# :# :: 
t T  - The t race  of the 3x3 position-covariance, o r  

r -  nnsition- informztion, submatrix,  

T - The t race  of the 3x3 velocity-covariance, o r  
velocity-information, submatrix. 

PI P 

tv’ v 

d D  - The determinant of the 3x3 position- covariance, 
P, P or  position- information, s ubmatrix. 

- The determinant of the 3x3 velocity- covariance, 
o r  vel0 city- information, submat rix. dv’ Dv 

* 
Here  we re fer  to the 3-dimensional coordinate systems of position 
deviations and of velocity deviations, and a r e  assuming that the 
type and orientation of these two coordinate systems a r e  always 
chosen identical. 

&& -0- -I. 

The lower-case le t ter  r e fe r s  here to the covariance mat r ix  and 
the upper- case le t ter  to the information matrix.  

The t race  of a symmetr ical  
diagonal t e r m s ,  

rlr .la 4.. 
.-I. -I- -8. 

qxq ma t r ix  is the sum of the q 
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$c :g ::: 
d, D - The determinant of the total 6x6 matrix ' 

Trajectory estimation e r r o r s ,  assumed to be normally distributed 

random variables with zero  mean, may be thought of in t e r m s  of "e r ro r  

ellipsoids. 1 1  

probability density, which for  normally distributed random e r r o r s  i s  an 

ellipsoid. F o r  random variable ( e r r o r  vector) of q degrees  of freedom, 

By an "e r ro r  ellipsoid" we mean a surface of constant 

>;: 
Certain simple relationships exist between the determinants and 
sub-determinants of the 6x6 information and covariance mat r ices :  

d = D / D  
P V  

d = D / D  
" P  

d = l / D  . 
Also, the following inequalities exist: 

D D > D ,  d d  > d .  
P v- P v -  

:;c ::: 
To this l ist  may be added the eigenvalues of both 6x6 matrices  and 
the 3x3 position and velocity covariance and information submatrices 
The eigenvalues, however, have not been utilized in the presently 
reported work, a s  the relative difficulty of computing them (in e . ,  in  
t e r m s  of computer t ime) seems to outweigh their  usefulness. 



there  exists a family of concentric and geometrically s imilar  e r r o r  

ellipsoids in a q-dimensional e r r o r  space, and i t  i s  described by i t s  

qxq covariance matrix. 

is : 

The matr ix  equation of this family of surfaces 
:% 

i = 1, 2, ..., 9 (rows)  

j = 1, 2, . . . , q (columns) 

In the present case, we a r e  dealing with e r r o r  vectors of six degrees 

of freedom, and could, in principle, talk in t e rms  of a six-dimensional 

e r r o r  ellipsoid of hybrid (ft. and ft /sec.  ) dimensions. However, aside 

f r o m  a brief qualitative statement in  a l a t e r  section, no use i s  made of 

that concept. Instead, consider the three- dimensional e r r o r  ellipsoids 

.(r -4- 

{ x. } i s  a lxq  row matr ix  of the q components of the random 
J 

variable; { x.} is { x.} transposed, i. e . ,  the 9x1 column matr ix  of 

the q components of the random variable; { p . . }  i s  the inverse of 

the qxq covariance matrix;  tZ is  a parameter  which specifies a 

particular ellipsoid in the family of concentric ellipsoids. 

Reference: Harold Crame'r, Mathematical Methods of Statistics, 

Princeton Univ. P r e s s ,  1946, p. 120, eq. 11. 12. 3. 

J - 1  
1 

1J 
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defined by the 3x3 covariance submatrix of position (having dimensions in 

feet) and the corresponding similarly obtained three- dimensional velocity 

ellipsoids (having dimensions in feet/second) : 
I 

The probability P that an e r r o r  vector of q degrees  of freedom l ies  

outside the q- dimensional ellipsoid specified by a particular value of fZ 

is obtainable from tables of Ischi- squaresD distribution for q degrees of 

freedom, with f z  = xz . The probability that a given e r r o r  ellipsoid 
>k a# 

contains the e r r o r  vector i s  1 - P. 

- 1  2 :k 
ZX 

is the inverse of the 3x3 

position covariance submatrix, which is not the same as the 
corresponding 3x3 submatrix of the 6x6  inverse  covariance 
(information) matrix.  
s ubmat rix. 

Likewise for  the 3x3 velocity covariance 
I 

:k ::c 

T. W. Anderson, Introduction to Multivariate Statistical Analysis, 
John Wiley and Sons, 1958, p. 54. 
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In the three-dimensional e r r o r  ellipsoids ( q  = 3 ) ,  a choice of f; = 1 

corresponds to an ellipsoid possessing a 20'30 probability that the e r r o r  

is contained within its bounds . :k 

Figure  A-0 contains a curve, derived f rom a ttChi-Squaret '  distribu- 
$< :k 

tion table , showing the probability that e r r o r  is contained within the 

three-dimensional e r r o r  ellipsoid, as a function of E .  

scaling every dimension of an ( t  = 1)-  ellipsoid by, say, 5 = 2, resul ts  in 

an  ellipsoid possessing 7370 probability of containing the e r r o r  vector. 

This means that 

All the computations in this study a r e  presented in  t e r m s  of = 1, 

and Fig. A-0 is enclosed as a scaling aid. .  

Four  quantities a r e  chosen as measures  of the "size" of the uncer- 

tainty, o r  e r r o r ,  associated with a trajectory estimate at a given epoch 

of estimation. They a r e  defined in  t e rms  of the t r aces  and determinants 

of the position and velocity covariance submatr ices  (t d , tv, d ), and 

a r e  interpreted both in t e r m s  of the geometry of the appropriate 3x3 e r r o r  

ellipsoids and of their  significance as measu res  of estimation uncertainty: 

P' P V 

:;< 
I. e . ,  there  is a 207'0 probability that the position e r r o r  is contained 
within the position e r r o r  ellipsoid, and there  is a 2077" probability 
that the velocity e r r o r  l ies  within the velocity e r r o r  ellipsoid, but 
no information is conveyed as to the probability of both conditions 
being satisfied. The missing information is  associated with the 
position- velocity covariance te rms  of the 6x6 covariance ma t r ix  
which a r e  absent f rom equations (2 )  and (3 ) .  

- 

9; :;e 

Paul G. Hoel, Introduction to Mathematical Statist ics,  2nd Ed. ,  
John Wiley and Sons, 1954, Table 111, p. 318. 
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Symbol 
if  E r r o r  
Measure 

c 
P 

Definition 
in Terms of 
C ovar i anc e 
Matrix 

m 
P 

1 I6 d 
P 

m 
V 

1 I6 
V 

d 

I I 1 
Units Interpretation in  T e r m s  

Measure of a Chosen 'It1' 
of of E r r o r  Ellipsoid 

Significance 
a s  Measure 
of Uncertainty 

f t .  

:;< 
ms radius of 

- x  osition e r r o r  'E ' llipsoid 

::: 
Rms of the stand- 
a r d  deviation of 
position e r r o r s  ovei 
the 3 spatial I components. I 

f t .  
whose volume is 

position e r r o r  t 

Geometric mean of 
the standard devia- 
tion of position e r -  
rors over the 3 spa- 
tial component s o  

Jr 

radius of th 3 ft. / sec .  

.VI 

Rms-" of the stand- 
a r d  deviation of 
velocity e r r o r s  over 
the 3 spatial 
components. 

of sphere- 

f t .  /sec.  that of the 
whose volume i s  

- 

Geometric mean of 
the standard devia- 
tion of velocity e r -  
r o r s  over the 3 spa- 
tial component s # 

and E ? v v .  F o r  this reason the E ' S  a r e  the more  conserva- 
p.? qp v Note that E 

tive measures  to use. 

Furthermore,  the velocity estimation e r r o r s  a r e  relatively l e s s  dependent 
.L dC 

on the particular epoch of estimation selected<"-'- and hence a r e  usually a better 

measure  of the overall quality of a t ra jectory estimate. 

r m s  velocity error,  

For this reason the 

will be the one generally used measure  in  this report .  
€ V 9  

.I. e,- 

"Root-mean- square". 

Over a small fraction of an orbit ;  not necessarily t rue  for more  
extended translations along the nominal orbit. 

:;: :: 
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The computations performed as par t  of this analysis were performed 

with the aid of a "general purposell digital t ra jectory e r r o r  analysis program 

for  the IBM 7090, called PATE f. .I* 

This program sees  the t rue  trajectory of a vehicle as the six- 

dimensional vector sum of a nominal Keplerian t ra jectory (in practice,  

usually equivalent to  the estimated path), and a random position and velocity 

e r r o r  vector,  which is  a random process  with ze ro  mean and a computable 

inverse  covariance matrix. 

In  calculating the inverse covariance mat r ix  of the six- dimensional 

e r r o r  vector for  a given epoch, a matr ix  of l inearized par t ia l  derivatives 

of the non-linear equations of motion is used. This l inearized procedure 

is valid if the e r r o r  vector is small  compared to the velocity and dimensions 

of the orbit, but decreases  in validity i f  very la rge  estimation e r r o r s  a r e  

to be computed. 

exceeds the range of pract ical  interest  for  the cases  studied. 

as l a rge  as 30,000 ft. and 200 ft .  /sec. have been found to  introduce no 

observable discrepancy as a resul t  of the l inear  approximation, in the near -  

ear th  case.  ) 

It has  been found, however, that the range of validity far 

(Deviations 

The inverse covariance matr ix  is a function of the nominal t ra jectory 

and of the information contributions f rom each radar  measurement  and all 

other sources  of t ra jectory knowledge, i f  any. 

Measurements to  Est imates  

This analysis does not include consideration of problems of data as- 

sembly, t ransmission,  and processing. In any pract ical  situation, these 

a r e  undoubtedly an important factor.  

munications with no information loss. This implies,  of course,  that any 

deviation f r o m  these conditions will resul t  in poorer  es t imates  than those 

indicated by the resul ts  obtained. This analysis probes the question, how 

This analysis assurnas pe.rfect com- 

.L 'I. 

"Program for  the Analysis of Trajectory Estimation, No. 1,  I '  
pyepared by Charles W. A d a E  Associates,  Inc. ,  Bedford, Mass . ,  
under Lincoln Laboratory's  joint se rv ice  general  r e sea rch  contract, 
in cooperation with Dr .  F r e d  C. Schweppe of Lincoln Laboratory. 
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good an estimate is  it possible to obtain with all available information? 

Some insight will be gained also regarding the question, of which informa- 

tion is  m o r e  important and which is  l e s s  important in  t ra jectory estimation 

in a given situation? The latter considerations a r e  of importance, not only 

in evaluating and specifying radar  character is t ics ,  but a lso in planning o r  

evaluating the data transmission and processing aspects of a ground network 

as well. 

The manner in which the total information - derived f rom radar  

measurements  and a pr ior i  knowledge - i s  considered to be assembled and 

transformed into an estimate in  the presently reported work is  briefly a s  

follows. 

Each independent measurement o r  combination of measurements  

provides information about the trajectory,  the “goodness” of which is 

describable by an information matrix.  

radar  takes the measurement ( in  one or  several  components of position 

o r  ra te  of movement), this information matrix is the information matrix 

of the measurement itself. 

measurements  in ;range, azimuth angle, elevation angle, and range- ra te ,  

the information mat r ix  of the measurements made at any one instant of 

t ime i s  as follows : 

In t e r m s  of that t ime at  which the 

F o r  a radar  making mutually independent 

::< 

1 /URZ 0 0 0 0 0 

0 

0 

1 /uAz RZ 

0 

0 

1 /cA2 RZ 

0 

0 

0 

0 

0 

0 

0 0 0 1 / “ R Z  0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

::< 
The angular variances have been multiplied here  by the square 
of the range (best  available estimate of the range), in order  to 
convert them to  position variance components. 
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It is only a matter  of computation to t ransform this information 

matrix to  conform with any other coordinate system desired. 

Since some knowledge of the trajectory is always implicity assumed 

to  be available (as otherwise no acquisition nor tracking of the vehicle 

would be possible), one can (at least  approximately".) propagate the infor- 

mation of each successive measurement (as pe r  its information matrix) 

to some chosen reference point in the orbit, where the contributions of 

each measurement  (and of any additional sources  of information, i f  any) 

are added together, by addition of information matrices-'  *I.. In practical  

situations, a great  variety of diverse schemes of processing tracking data 

are possible. The estimation e r ro r s ,  as computed herein, a r e  mere ly  

reflections of the total  information, which, in the absence of information 

losses ,  is conserved regardless  of the particular data processing scheme 

used. 

.e. 

.ec rl. 

An exposition and discussion of the resul ts  of this investigation 

follows. 

Results : The Computations 

Graphs showing the computed estimation e r r o r s  for the "basic radar ,  
>; >k >? 

"basic r ada r  times 10, I '  and "basic radar  times 1 / l o ,  operating at 

10 measurements  per second, appear in Figures A- 1 through A- 12 in  the 

cV9 o r  qvs respectively, 
P' vP' 

Appendix. These graphs a r e  in the form of E 

vs. 0 

covered by Figures A- 1 through A- 12. 

No a pr ior i  information has been introduced into the situations 
A' 

The discrepancy introduced here is ordinarily expected to be of 
secondary significance, and i s  ignored in  the present  analysis. 

This additive property of the inverse covariance matrix is the reason 
why it is  called the information matrix. 
losses  of information (e. g. due to  limitations of t ransmission facili- 
ties, o r  "editing" of the information data, o r  possibly other reasons),  
these considerations could be introduced as mat r ices  to  be added o r  
subtracted f rom the information matrix.  

See table on page 8 for the radar characterist ics,  and the section 
entitled, !'Situations Considered: The Radar, (pp 6-8) for  a dis- 
cussion of their  meaning, and of procedures for making the data 
applicable to other situations. 

If it is desired to  consider 
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Figures  A- 13 through A- 18 show the components of the estimation 

e r r o r s  ("basic radar") in a vehicle- centered rectangular coordinate 

system In this coordinate system, the X - a x i s  l i es  along the direction 

of motion, the Y-axis i s  normal  to the t ra jectory and parallel  to the orbital 

plane, and the Z-axis is normal  to the orbital plane. 

1- 

Figures  A-19 and A-20 show the effect  of a pr ior i  information on E: 
P 

and E respectively. Representative situations with spherical  a pr ior i  

estimation error volumes are shown to i l lustrate the conclusions drawn 

( in  subs e quent paragraphs ). 

V' 

Figures  A-21 and A-22 il lustrate the effect on the t ra jectory estima- 

tion uncertainties of improving range- ra te  measurement  accuracy of the 

radar ,  relative to i t s  range measurement accuracy. Only velocity estimation 

e r r o r s  a r e  presented. 

tion e r r o r  in  the absence of a range-rate  measuring capability ( a  /a 
R R  

The resul ts  given a r e  for a nominal t ra jectory passing the radar  at 4 degrees  

ECA. Note that the value of the ratio a /a that has  been adopted for the 

bulk of the work in this analysis is 20 seconds, which is very near  the 

"break" point in the curves of Figures  A-21 and A-22. 

These a r e  expressed a s  a percentage of the estima- 

= 0). 

R R  

Results: Discussion 

Inspection of the E and E 
P v 

curves in Figures  A-1 through A-10 sug- 

on range and range-rate 

F o r  a near- 

gests  the relative lack of dependency of E 

measurement  accuracy, for  the ranges of values considered. 

ear th  orbital vehicle tracked by a single radar  s i te  having any reasonable 

range measuring capability, the angle measuring capability is  the deter-  

mining factor in the r ada r ' s  trajectory estimating Capability: This state- 

ment i s  not true for a radar  lacking both range and range-rate capability, 

and it may not be t rue  for a radar  having only range-rate  capability in 

addition to the angle-capability, but for r ada r s  falling within the range of 

values : 

and E 
P V 

.,. J- 

- ~~ ~ ~ 

4. '8% 

They contain no information about the amount of correlation 
between the various components, however. 

>: ::< 
Measured in t e r m s  of E and E . 

P v 
20 



0 < uR/uA < 1000 f t .  /milliradian 

0 < u / I T *  < 30 seconds ,  
R R  

Under these R *  t h e  estimation e r r o r s  a r e  only feebly dependent on u 

conditions, the relationship i s  effectively: 

and u 
R 

= K  (T . 2 A  

(The relationships of 77 and 77 to u a r e  somewhat different, but they a r e  
P V A 

of l e s s e r  interest  and a r e  not considered here.  ) 

To explain these phenomena, consider the cri t ical  region in the 

(T /us ratio, i;e., u /a. ~ t l  10 to 100 seconds (See figure A-21) If uf- (in 
R R  R R  R 

f t .  /sec.  1 is l a rge r  than about u /30 (with u 
R R 

in f t .  ), the e r r o r s  of estima- 
~~ 

tion a r e  only insignificantly smaller  than i f  no range- ra te  capability existed 

at all ((T 

drawn is that fo r  all the situations considered, where u /a was selected 

at 20 seconds, the resul ts  a r e  equivalent, virtually without alteration, for  

r ada r s  measuring range, azimuth and elevation only. 

angle measuring capability will be considered in the context of a range-and- 

angles- only radar .  

a). (See  figures A-21 and A-22).  The conciusion that can be R =  

R R  

The effects of the 

The tracked segment of the orbit can be considered to be effectively 

a segment of a straight line, and hence the tracking beam will at all t imes 

l ie  in  the plane defined by the trajectory and the si te location. That com- 

ponent of each measurement e r r o r  ellipsoid which is  normal  to  this plane 

will consistently be independent of u R' 
and elevation measurement e r r o r s .  Consequently, whenever RANGE x u 

( in radians) is substantially larger than u this component of e r r o r  will 

predominate a lso in  the final estimation e r r o r  ellipsoid. 

It is determined solely by the azimuth 

A 

R' 
Since the effective 
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J, '6. 

range 

we expect the rms  estimation e r r o r s  to be effectively a function of angle 

accuracy only whenever u /a << EFFECTIVE RANGE 2 10 , o r  << 

(EFFECTIVE RANGE/1000), if we express  u in  mill iradians.  This 

checks with the observation. Also, the above bound effectively contains 

most  situations of practical  int e r e  s t. 

for  the situations considered is  on the order  of 1 to 3 million feet ,  

6 
R A  

A 

Figures  A- 2 3  and A- 2 4  show the essentially limiting situations with 

f 'perfect ' '  (i. e. a / u  0 )  range accuracy (and thus, of course,  ef- 

fectively devoid of significant range- ra te  information, a s  pe r  above dis- 

cussions regarding u /u  c 30) .  These curves were drawn a s  the lower 

asymptotes to  the E and E curves in Figures  A- 1 through A- 10. The 

significance lies in  the fact that they represent  the lower l imits on the 

size of r m s  estimation e r r o r s  that can be obtained by a single radar  s i te .  

R A  

R R  

P V 

They show that this lower limit is dependent on u only, and no improve- 

ment in the range or  range-rate  capability can lower the size of the e r r o r  

past  these limits. outside sources  of 

information have to be enlisted in order  to further improve the estimates.  

In order  to be effective, they must provide information specifically about 

those components which the radar  si te is  least  capable of measuring. 

i. e. 

in the component normal to the plane containing its path and the radar  s i te .  

A 

If it is not possible to  improve u 
A' 

they must provide improved measurements  of the vehicles position 

One means to obtain this needed additional information i s  to have an 

additional s i te  located so that the plane it defines with the t ra jectory is  as 

nearly perpendicular as possible to that of the f i r s t  site*".*" 
J, J. 

::c i M  1 - 1 / 2  
Computable over the tracking interval by the expression ( - .Z - ) 
where M = number of measurements,  and R. is  the 
range at the time of the i- th measurement.  

Both sites should be located near  to one another, (not more  than 
about 1 /8 of. an orbit apar t ) .  
( o r  several) si tes fur ther  removed f rom one another can be ex- 
pected t o  involve other considerations. 

M i = l  Re2 
1 

1 

:i: ::c 

The combined capability of two 
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Another means i s  a pr ior i  information about the t ra jectory f rom 

other sources.  As was mentioned in the section entitled, "Measurements 

to Estimates,  some a pr ior i  knowledge is always implicitly assumed 

even in those situations labeled "No a pr ior i  information" because it is 
~ ~ ~ 

essential  in order  for  tracking to take place and for the formation of an  

est imate  to be started.  However, in order  for a pr ior i  information to  

quantitatively influence the quality of a trajectory estimate provided by 

a radar  site, it is required to be comparable o r  better than the accumu- 

lated information provided by the radar,  in at least  one of the components 

measured.  In other words, the six-dimensional e r r o r  ellipsoid of the 

a pr ior i  estimate (propagated to the epoch of estimation of the t ra jectory 

by the radar ,  o r  vice versa)  must  either intersect  o r  be contained within 

the e r r o r  ellipsoid of the estimate that would be provided by the radar  

alone, in  order  to make a significant contribution to the t ra jectory 

estimate . 
Some computations with a priori  information were performed in 

this phase of the study, but the a priori estimation e r r o r  ellipsoids were 

chosen spherical  in both position and velocity. Representative cases  a r e  

shown in Figures A-19 and A-20. 

In situations where the a priori  estimation e r r o r s  a r e  equal to the 

radar-only estimation e r r o r s ,  the combined estimation e r r o r  i s  expected 

to be about 7070 of the a pr ior i  e r r o r .  The reason is  that basically a 

type of information addition takes place. Actually, as was pointed out, it is 

2 3  



two six- by- six information ( inverse covariance) mat r ices  that a r e  added 

together, but the principle i s  analogous. 

information that i s  poorer than the information provided by the tracking 

data will fail to substantially influence the size of the final estimation 

This explains a lso why a pr ior i  

e r r o r s .  

Subject Areas  f o r  Further  Study 

An analytical study such as the one undertaken involves effort in  any 

o r  all of the following three basic categories: 

1. Actual o r  practical  situations 

2. Theory and hypothetical situations 

3.  Methods and tools of analysis. 

A theoretically oriented study of judiciously chosen situations, making use 

of existing and available methods and tools, i s  more likely to produce 

meaningful and usable ,results than emphasis on the evaluation of situations 

of immediate practical concern. Future extensions of the present analysis 

will encompass at least  some of the following topics: 

a. More work in the study of single-site radar  parameters ,  

particularly the interplay between position- measurement  and rate- of- 

motion- measurement information. 

b. Two-site situations, where both s i tes  a r e  located in the same  

general  position of the orbit. 

c. Longer-distance propagation of estimation e r r o r s ,  and orbits 

which involve sites significantly removed f rom one another. 

d. 

e. Extensions to other than near-  earth,  near- c i rcular  t ra jector ies .  

Consideration of bias e r r o r s  in measurements.  

v 
JS: r 
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